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ABSTRACT
In the earlier treatments of synchrotron theory it was usually
assumed that the pitch angles of the radiating particles are of the
order of unity and that the emission occurs at high harmonics of the
fundamental frequency. In this investigation we have examined synchro-
»
tron radiation for some of the cases for which these assumptions are
not applicable. We first considered the synchrotron emission from
individual particles which have small pitch angles, the general pro-
perties of synchrotron sources which mainly contain such particles, and
the emissivities and degrees of circular polarization for specific source
distributions. We then considered several models for actual synchrotron
i
sources. The limitation of synchrotron source models for optical pulsars
and compact extragalactic objects are discussed and it is shown that
several existing models for the pulsar NP 0532 are inconsistent with the
measured time variations and polarizations of the optical emission. We
also consider whether the low frequency falloffs in the extragalactic
objects PKS 213^  + 00^ , OQ 208 and NGC 1068 could be due to emission from
particles with small pitch angles or absorption by a thermal plasma or
synchrotron self-absorption. Emission by particles with small pitch
angles could explain the observations of PKS 213^  + GO**- and OQ 208 but
is inconsistent with the data for NGC 1068. The absorption interpreta-
tions cannot account for the turnover in the spectrum of PKS 213^ - + 00k.
Measurements of polarization, angular structure and x-ray flux which would
be helpful in evaluating these models are described.
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Chapter 1
INTRODUCTION
Synchrotron radiation (or the more descriptive terms magneto-
bremsstrahlung and magnetic bremsstrahlung) refers to the emission from
a highly relativistic charged particle which is accelerated by a magne-
tic field. Much of the theory of this process has been known for at
least sixty years, although no recognized observations of this type of
emission were made until the late 19^ 0's when intense visible radiation
was observed from the relativistic electrons circling in the General
Electric synchrotron (Elder, Langmuir and Pollock, 1948). Shortly
after these first laboratory observations, Alfve"n and Herlofson (1950)
suggested that the emission from "radio stars" might also be due to
i
the synchrotron process, and later Shklovsky proposed that part of
the optical emission from the Crab nebula could be produced by this
mechanism. Since it was known that synchrotron radiation is for the
most part linearly polarized, the subsequent detection of linear
polarization in the optical radiation from the Crab nebula (Oort and
Walraven, 1956) and the jet of M8? (Baade, 1956), and in the general
galactic radio emission (Razin, 1958) gave strong support to these
early theories. It is now generally believed that synchrotron radia-
tion is responsible for at least part of the continuous spectra from
many cosmic phenomena, for instance radio galaxies, quasars, supernova
remnants, galactic radio emission, the Jovian bursts and solar flares.
Much of the current work on cosmic synchrotron emission is directed
toward deciding which sources are emitting synchrotron radiation and
analyzing the emission to determine their physical nature. In order
to deal with these questions one needs to be familiar with the various
aspects of the synchrotron mechanism and related processes, for instance
(l) the emission spectra and polarization for possible particle ensembles
•which might exist in astronomical objects, (2) the effects of an ambient
thermal gas on synchrotron emission and the propagation of radiation,
and (3) the additional emission processes which may occur in conjunction
with synchrotron emission, such as the inverse Gompton effect (the pro-
duction of high frequency radiation due to the scattering of low fre-
quency radiation by relativistic particles).
Some important analyses and good reviews of these topics can be
found in the following articles: Schwinger (19^ 9; spectrum arid angular
distribution); Westfold (1959; linear polarization); LeRoux (196!;
linear polarization); Ginzburg and Syrovatskii (1965 and 1969; reviews
which include effects of self-absorption and of an ambient plasma);
Blumenthal and Gould (1970; review of radiation processes); Pacholczyk
(1970; review of radio astrophysics). The work prior to 1968 contained
some errors concerning radiation from particles in non-circular orbits
(Epstein and Feldman, 1967), but this has been amended in the more-
recent publications.
In most of the existing applications of synchrotron theory to
astrophysics it has been assumed that the relativistic electrons are
oriented isotropically, or nearly so. This is" almost certaarily a good
approximation for extended sources (the large double or halo structures
in radio galaxies, the remnants' of supernova, and the general- galact;ic
radio emission) where interaction with the ambient medium would destroy
any large anisotropies in the velocity distributions of the cosmic rays.
For more compact sources (such as quasars, active galactic nuclei, and
pulsars), however, the pressure of the relativistic particles may be
great enough, to induce streaming along the magnetic fields. It has
been suggested that at least part of the emission from quasars and
active galaxies (Woltjer, 1966; Noerdlinger, 1969; Cavaliere et al.,
1970) and from pulsars (Shklovsky, 1970; Sturrock, 19715 Zheleznyakov,
1971) is synchrotron radiation from electrons which have small pitch
angles (the pitch angle, Y> is the constant angle between the velocity
of the particle and the magnetic field).
In this present investigation, we extend the existing analyses
of synchrotron theory to include the radiation from particles with
small pitch angles and apply these results to^ several problems in
astrophysics. Chapter 2 contains the theoretical developments: (l)
the analysis of the emission from individual particles, (2) a general
treatment of synchrotron emission from cosmic sources and (3) the com-
putation of the emissivity for three illustrative source distributions.
In Chapter 3 we examine a number of models for the emission from
astronomical objects, (l) Some restrictions are placed on the allowable
models of the optical emission from NP 0532. (2) Several theoretical
models for the low frequency cutoffs in the radio emission from PKS
213^  + 00^ (a quasar) and OQ 208 (a Seyfert galaxy) and in the infrared
emission from NGC 1068 (a Seyfert galaxy) are discussed and compared.
Some of these proposed models are ruled out and observational tests for
the other models are suggested.
Chapter 2
EXTENSION OF SYNCHROTRON THEORY FOR SMALL PITCH ANGLES
I. Introduction
The conventional analyses of synchrotron theory, in which it is
assumed that the pitch angle, y, between the particle velocity and the
magnetic field is of the order of unity, are adequate for the discussion
of many astrophysical phenomerfa; however, some of the observable radia-
tion from quasars, galactic nuclei and pulsars may be emitted by par-
ticles which have small pitch angles. Several authors (O'Dell and
Sartori, 1970b; Cavaliere et al., 1970) have suggested that in some
sources the radiating particles may even satisfy the more stringent
-1 2
condition Y ^ Y = me /E (where E is the^energy of the particle).
This present investigation deals with the special features of synchro-
tron radiation which occur when the radiating particles have small pitch
angles. Other workers have dealt with aspects of this problem (O'Dell
and Sartori, 1970a,b; Melrose, 1971a; Tademaru, 1972), and their contri-
butions are also discussed.
In Section II the emission from individual particles is examined.
First, we obtain expressions for the emission from a particle which
has a very small pitch angle Y « Y > and then we consider the more
general case in which the restriction on the pitch angle of the particle
is only Y « 1; exact and approximate expressions are presented. In
Section III we derive expressions for the emissivity, degree of circular
polarization and maximum degree of linear polarization for optically
thin synchrotron sources in which the particles mainly have small pitch
angles and stream along somewhat irregular magnetic fields. The emission
for several source distributions is computed in Section IV, and the
main results of the chapter are summarized in Section V.
II. Synchrotron Radiation from Individual Particles
A) Radiation from Particles with Very Small Pitch Angles
While the general analysis of synchrotron radiation from a particle
which spirals in a magnetic field is fairly involved, we can gain some
understanding of synchrotron radiation from particles with small pitch
angles and derive some useful formulas by first limiting the discussion
to particles with very small pitch angles.
For the special case of a single, isolated (in a vacuum), highly
relativistic particle (y » l) which has a very small pitch angle
(Y « Y ), the problem of computing the synchrotron emission is
greatly simplified. Designate the inertial frame of the observer by
<\
K and call the inertial frame in which the particle orbit is circular
the K frame. K moves relative to K with a velocity cB where
0 0 J
8 is the magnitude of the particle velocity along the magnetic field,
= p cosY, and 6 = V 1~Y • As seen in K , the normalized
velocity of the particle is
-
1S
^—«YY«1 (2.1)
(quantities which are measured in K are subscripted with o). When
YY « 1, the particle energy in K is non-relativistic so that to
observers in this frame the emission appears to be mainly monochromatic
cyclotron radiation. The particle emissivity in K can be written
as (Bekefi, 1966)
20 2 2rt e B v _,
\ =
 2c
 (1 + COS
 V 6(vo~V ers(sec str Hz) (2-2)
The angle between the direction of emission k and B is given by
~o ~
9 ; v_ = |eB/2jtmc| ; e is the charge of the particle; and B = |B| .
The radiation is completely polarized and the major axis of the
polarization ellipse is in the k X B direction. The degrees of
•X-
linear and circular polarization are
2
1 - cos 9
cos\
2 cos 6
_ o_
PCO =
 V+ cos29
(2.3)
o
•where jo, = sign(-e p • B) . p > 0 for right-hand ellipticaily
~lt ~ C0 s '
polarized radiation (the electric vector moves counter-clockwise as
seen by the observer). The quantities F = JTTdv ., Fo. = Ip'o TVdv
and F s |p T] dv are shown in Figure 1. The degrees of linear
and circular polarization are Fo /F and F /F , respectively.
While the emission is, in general, ellipticaily polarized, it is
circularly polarized at 0=0 and 9 = jt (with the opposite sense
in each hemisphere) and linearly polarized at 9 . = jt/2.
By "the degree of linear polarization" we mean the apparent degree of
linear polarization which would be detected if the e'raissioft was analyzed
with antennas that were sensitive to only linearly polarized radiation.
Similarly, the "degree of circular polarization refers to' the relative
difference which would be recorded by antennas that were sensitive to
only right- or left-hand circularly polarized radiation, in terms- of
the Stokes parameters (Glnzburg and Syrovatskii, 1965) the degree of
linear, polarization and the degree" of circuiar pola-rization are given
by \/Q2 + U2/T and V/I, respectively.
BFig. 1. Angular distribution of the intensity and polarization
for the emission from a particle with a very small pitch
angle. The figure on the left is the pattern for the non-
relativistic cyclotron radiation which would be observed
in K . The figure on the right is the radiation pattern
as seen in the laboratory frame, K, when P|| = .3. The
sense of the elliptical polarization is opposite for the
solid and dashed F curves.
By using the transformations
tan 9 =
sin 90(1-P|| ).
cos. 9 +
1/2
v = v_ (2.5)
cos9
(2>6)
we can obtain expressions for the radiation as seen in the K frame. It
has been assumed here that PM is parallel to B; when PM and B
*"•*/' , *~~t »^" ' i^ >
are anti-parallel, 0 and 9 in equations (2.^ ) through (2.9) should be
replaced by jt-9 and it-6 , respectively. The effects of these trans-
formations are illustrated in Figure 1 where F = |T|dv, Fo = |ppT]dv
f J J
and F =lp T]dv are shown for pit = .3. The radiation is beamed andc J c . . . . . . . . . ^
amplified in the direction of P||, and the frequency is Doppler shifted
according to equation (2.5): at 0=0 it is "blue shifted" to
VB\/(1+P||)/(1-P||), whereas at 9 = it it is redshifted to VB^/(1-P||)/(1+P||) .
The expressions for the emissivity and polarization of the radia-
tion as observed in K are
2 2 3 r 211 = - * """ V1c
VB
U ^ 2ti YM f \) — Y\J ^1
 - eV _ ^YV^ V
 ( 8)
^ 4 " " 2 2 2 v^ - u ^
1 + 6 Y v - 2YwB + 2Y VB
T] is the energy emitted by the particle per unit solid angle, time and
frequency; however, this is not the observed .emissivity. The particle
is moving toward the .observer in K with a mean velocity cp cos6 cosY;
so that the energy which is emitted in a time dte is received in a
time dtr = dte (l - p cos0 cosy) . If the "apparent emissivity" f|a is
defined as T|a = T/(l - p cos9 COSY)^ then Tjadfi is the .energy received
per unit time and frequency by an observer who subtends a solid angle
dfi. To calculate the emission from time independent collections of par-
ticles, as is done in Section IV., only t.he emissivity 7] has to be used,
.A good discussion of the distinction between the emissiyity and the appa-
rent emissivity is given by Ginzburg and Syrovatskii (1969). In their
notation 7| = r^ p and T\a •=
v(2Y V - v)
2 22 ' '
^ 1 + 9 Y v - 2Yvvn + 2Y vD r>
Only the terms of lowest order in YY and 6 have been retained .
In any given direction the emission is monochromatic with a fre-
2 2quency 2YvR/(l+6 Y ) and elliptically polarized with the major axis
of the polarization ellipse aligned with k X B. By integrating Tl
~ <"-> . '
over all directions of emission the power spectrum of the total emission
from a single particle is found.
H(v,Y,Y,B) = 2n|ll sine d6 erg(sec Hz)'1
. (2.10)
0 v > 2YvB
The rate of energy loss for the particle is obtained by integrating H
over all frequencies
J
(2.11)
Equation (2.11) is in agreement with the general expression for the
power radiated by a particle in a magnetic field (Blumenthal and Gould,
1970)•
H(V)} pp(vj0) and p (v>9) are shown in Figure 2. The relation-
ship of these expressions to observable quantities is discussed in
Section III.
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Fig. 2. The emissivity per unit frequency and the polarization
of the emission from relativistic particles which
spiral with very small pitch angle's.
B); Radiation from Particles with Small Pitcfr Angles*
We will now relax the rest-riction that Y « Y and; obtain
expressions for the particle emissivity with the weaker condition
Y: << 1. The radiation field of a highly relativistic charged particle
11
which spirals with arbitrary pitch angle is well known (Ginzburg and
Syrovatskii, 1969) . If we neglect the effects of any ambient medium,
the electric' field in the k direction and at large distance r from
the particle can be expressed as
00
=
 Re
 > fih exP[2* ivn(r/c) - t)]
sinY ( (cose - p cosY)
^ n
n=l
_
,, „
 N2 )~L nv n' ~2 p sine sinYcrY(l - p cose cosY) '
np sin9 sinY
n ~~ 1 - p cose cosY
VB .
vn ~ Y(l - P cose cosY) '
The unit vectors e and e are in the B x k and k x (B x k)
directions, respectively; J (x) is the Bessel function of order n;
and j'(x) = -r- (J (x)) .
nv ' dx v nv ''
The emissivity of the particle is
2 oo
1) = £— (i - p cose COSY) V] |ej fi(v-vn) . (2.13)
The factor (1 - p cos6 cosY) adjusts for the average motion of the
particle along the magnetic field (see the previous footnote).
Most of the radiation is beamed within an angle of the order of Y
of the direction of the particle velocity. Since the pitch angle is
also small, the emission is mainly confined to limited range of 6:
6 < (Y + Y ) « !• By retaining only the terms of the lowest order
12
in 0, Y and y the expression for the emissivity reduces to
2 2 4 2
26YY
2n B^
Vn =
 (l + 62Y2 + Y2Y2)
>
Zn -
 (1 + 92Y2+ ^
and the total emissivity integrated over all directions of emission is
\^
n=l
B B
w =
n
n.
-2>\2
JB
v
H is shown in Figure 3 for several values of TY.
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Fig. 3- The emissivity per unit frequency for relativistic particles
which spiral with small pitch angles.
For very small pitch angles YY « 1> equation (2.15) reduces to
VB
equation (2.10). When v »—^ , the approximations for Bessel func
YY
tions of large order can be used in equation (2.15) yielding (Ginzburg
and Syrovatskii, 1969)
H = B
v/v_
(2.16)
3 2
where v = ^  Y Yv., and K . is the modified Bessel function of order
c d B '5/3
5/3-
For many computations such as the ones we will consider in Section
IV the following simple approximations can be used.
For "Very-small-pitch-angle synchrotron radiation" YY < -6
H == H, ... , ~N , (2.1?)(equation 10) v ;
for "Small-pitch-angle synchrotron radiation" YY > .6 and Y <<: 1
, vn/Y « v < vn/YY2O t>
(2.18)
H( equation 16) '
These approximations are accurate to about 1$ when v is less than
O o
.1 vD/YY or greater than 2 v^ /YY . Large deviations (20$ to 50^ )
B B ^ .
vYY
only occur in the frequency range .3 ^  ' < .8 arid only when
VB
.5 ^  YY < -8.
In their study of low frequency cutoffs ti'Dell and Sartori (1970b)
VB
assumed that H equals zero when v <-=-5 , Y « 1 and YY >> 1;
YY
however, since H <x v is a more accurate approximation for this regime
(equation 2.18), their conclusions (cdh<?erhing the oectfrreTie©' of a steep
"cyclotron turnover") are incorrect. The actual emission spectra for
source distributions of the type they considered are discussed in
Example 2 of Section IV.
III. Synchrotron Radiation from Cosmic Sources;
General Considerations
We will now consider the emission from optically thin synchrotron
sources in which most of the radiating particles have small pitch
angles. The formal expressions for the radiation from this type of
source are easily found, but to use these expressions to compute obser-
vable quantities requires a complete description of the structure of the
magnetic field and the particle distributions, information which in fact
is never available. This difficulty can be circumvented if the source
structure is amenable to certain approximations. Two approaches which
can be taken are (l) one can first compute the radiation from a homo-
i
geneous source which is permeated by a uniform field and then make some
allowances for the irregularities in the actual sources; or (2) one can
at the outset assume that the magnetic field is tangled or irregular, and
then assess how the results should be altered to account for a small
degree of uniformity. The first approach is usually appropriate for
conventional synchrotron sources, but when the emission is mainly from
particles with small pitch angles, the second approach is likely to be
more useful. In what follows we will discuss the conditions for which
each of these approximation schemes are applicable and we will then
derive expressions for the emission from sources in which the radiating
particles have small pitch angles and the magnetic field structure is
somewhat irregular.
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First consider the emission from a small volume element in a synchro-
tron source. If the radiating particles mainly have small pitch angles,
most of the emission will be concentrated within a small angle, 9, of
R
the direction of the local magnetic field (6 is defined below in the
R
text following equation 2.30). The magnitude of 9 can be estimated
K
as follows: For sources in which the characteristic pitch angle y
is large compared to the typical width of the radiation beam for the
individual particles, y > 6_ is of the order of Y; but when
R
Y « Y , 6., is fixed by the size of the individual radiation pattern.R
These estimates can be summarized as
(2.19)
Now consider the source as a whole. The direction .of the magnetic
field will vary throughout the source and the magnitude of these varia-
tions can be characterized by an angle 9^ ,. .By this we mean that the
D
magnetic .field through the source is aligned for the .most part within
.0 of some given direction; if the field is .absolutely uniform, 6
B B
is zero, and if it is very tangled, 9 is of the order of unity (the
"B
precise definition for 9 is given by equation 2.31; below). Figure
B
k shows a schematic of a portion of a synchrotron source .in .which Q
B
and 9 are indicated. As before 9 is the angle between the direc-
R
tion of observation and the direction of the local magnetic field.
1?
Fig. k. The structure of a portion of a synchrotron source.
The characteristic variation in the direction of the
magnetic field, 9B, is taken to be much greater
than the width of the radiation pattern for the
emission from a small volume element, 6^.
When Q is much greater than 0 . the variations in the direc-
R B
tion of the magnetic field only broaden the radiation pattern by a
small amount and the net emission from the source is only slightly
altered by the irregularities in the magnetic field. In this case one
18
can compute the main features of the emission by assuming that the
field is completely uniform. When 9 » 6 , however, the radiation
B K
from different regions of the source is beamed in widely different
directions (relative to the size of the beam) so that the net emission
in any one 'direction., say k, is proportional to the volume emissivity/•*•>
aweiraged over a number of the possible orientations of B relative to
•r^ -f
k. Since the irregularities in the source structure are predominant in
this case, the second approximation -procedure can be used for computing
the total source .emission.
If a synchrotron source mainly contains particles with .small pitch
angles, then 8 will be so small that .even a moderate deviation from
,R
a .strictly uniform magnetic structure will insure that 0 » 8 .
B 'R
Assuming that this condition is fulfilled we will now derive expressions
for the emissivity and polarization of 'ah optically thin .source. The
main results of these calculations can be anticipated as follows: (l)
As we .mentioned above, the net emission in the .direction k is the sum
. cv
of the contributions from -a number of regions in which B has various
orientations relative to k. This will enable us to express the total
,r*s
:source emissivity, E, and the total emissivity of the circularly
polarized radiation, E , in terms of the .single particle emissivity
'C
integrated over all directions of emission (see equations 2.38 and 2.39?
below) . (-2) Since the majo.r axis of the p.olarlzatiqn -ellipse is in the
•k -x B direction, its orientation varies for rthe emission from different
r^ t f^ j
regions of the source so that the total amount ,of linearly polarized
.•radiation .-is .relatively small; e.quation (2..^2.) gives .an upper limit for
;the net degree of linear polarization. The remainder of this section
is concerned with deriving equations (2.38), (2.39) and (2.^ 2); in
the next section these results will be used to compute the emission for
specific source models.
Let n(Y,Y>r) dYdY be the number of particles per unit volume at
point r with energies between Y and Y + dY and pitch angles between
Y and Y + dY (0 ^  Y ^  rt/2). The emissivity of a single particle is
expresses as Tl(v., 9,Y.»YjB) so that for incoherent radiation the emissi-
vity per unit volume in the k direction and at frequency v is
r60 rrt/2 ? -i
e(v,k,.r) = I I n T|dYdY erg(Hz sec str cm-1) . (2.20)
Similarly, the volume emissivity of the circularly polarized radiation
can be written as
-00 Jt/2
e (v,k,r) = I ( n 7] dYdY , (2.21)0
 A 4> c
where TL( v, 0,Y.,Y.,B) = T)p and p (v, 9,Y,Y^B) is the degree of circular
w • C C
polarization for the emission from an individual particle. The variable
9 in the arguments of T\ and 11 is a function r since it is the
angle between k and B( r).
Assuming that the source is optically thin and that the ambient
medium within the source does not significantly affect the transfer of
the radiation we can express the total emissivity E and the circularly
polarized emissivity E as
E , s ( v , k ) = f
 e , s d 3 r erg(Hz sec str)"1 (2.22)
20
where V is the total volume of the source or, if the source is suffi-
ciently well resolved, the portion of the source which is being observed.
The degree of circular polarization is now given by
Pc(v,k) = EC/E . (2.23)
If the quantities n and B were known throughout the source,
equation (2.22) could be used in its present form; however, since this
is not normally the case, it would be more useful to have expressions
which involve only the gross or average properties of the source. For
the type of sources which we are considering here (ones for which 9_
B
is much greater than 9R)> these expressions can be obtained by changing
the variables of integration in equation (2.22) and integrating over
the orientations of the magnetic field.
The magnetic field at each point in the source can be expressed as
B(r) = B sine cos({> i + B sine sin(j) j + B cose k (2.24)
where i,j,k form a set of three mutually perpendicular unit vectors,
k is in the direction of the observer, and B, 6 and (j) are functions
of r. The volume element in equation (2.22) can be written in terms/•*->
of the B, 6, <|> variables by using
B2 .dB sine d.9 d<j> . . (2.25)
This expression for d r represents that portion of the source
volume in which the magnetic fiel.d strength is between B and B + dB
and the field direction is between 6 and d6 in one of the angular
21
coordinates and between <j> and <j» + d(j) in the other.
By defining
N(Y,Y,B,9,<J>) = n d-*r -lB particles (gauss str erg rad) (2.26)
and using equation (2.25), we can transform equation (2.22) to
,k) = \N T1/
 Nsin0 d6 d<b dB d¥ dy . (2.2?)
~ J (c)
The position r in the argument of n in equation (2.26) is now a
r*-i
function of B. It may be that r(B) is not a single valued function
r*J i^ t r*~t
of B, but this can be allowed for by modifying the definition of N
as follows: Consider the source divided into, say, j regions, in
each of which r(B) is a single valued function. The right hand side
i~*i r*s
of equation (2.26) is evaluated separately in each of these regions,
and N is taken to be the sum of these j terms.
The quantity N describes the net properties of a source. It gives
the total number of particles which are in a given interval of energy
and pitch angle and which are located in regions of the source in which
the magnetic field has a certain range of directions and field strengths.
Since we are concerned with sources in which the average pitch angle of
the particles is small and the magnetic field is fairly irregular, N
is peaked near Y = 0 and it is a slowly varying function of 9 and <j>.
To simplify the analysis we will limit our discussion to sources for
which N is separable
,Y) . (2.28)
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With the definition
.it/2
TL *§ dY . (2.29)
Equation (2.27) now becomes
E, x(v,k) = lXI / xsine de d(j) dB(C ) ~ J (C ) (2.30)
Since £ is peaked in the vicinity pf Y = 0 and 7] and Tl are
small everywhere except for 6 near y and it-V, the integrals I
and I are peaked about 9=0 and 9 = it. Furthermore I and I
c ' c
are symmetric and antisymmetric functions of, (6-JT/2), respectively
(since n depends on the sign of k • B while Tl does not') . A
'C O-* Ty*
measure of the angular width of I is given by S^v/YjB), which we
•R
now define as the value of 9 < rt/2 at whic;h I is one half of its
maximum value.
The overall structure of the source is described toy -^. The quan-
tity 9_, which characterizes the .scale of -the irregularities in the
B '•
source, is defined in terms of X 'by
(.2.31)
As we noted earlier, if the mean pitch .angles of -the relativistic
particles in a synchrotron source is sufficiently small and if the
magnetic field i-s somewhat .irregular, then Q is much greater than
;B
-Q-.. In the present context .this means that \ is nearly constant overR . • • • • •
the ranges of the values of 9 and (j) for whiph I and I make
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significant contributions to the integrands in equation (2.30). There
fore, by excluding \ from the angular integrations we only introduce
relative errors of the order of ( 9 /6 ) . To this accuracy the expres
sions for E and E can be reduced to
c
0
where
- J J Q(c)dYdB
2jr jt/2 re/2 2jt jt/2
f f I(c)sine de 4 =f f f (^c)§ sine dQ 4 d^
•'O *0 •'O •'0 '0 (2.( 33)
and we have used the symmetries of I and I mentioned above.
Since §(Y,B,y) is independent of 9 and <j), Q and Q can be
evaluated by first integrating over all directions of emission; this
yields
H(c)
where
4 . (2.35)
H is given by equation (2.15) or it can be approximated by equations
(2.1?) and (2.18). For YY « 1, H equals Hp (v) where p (v) is
, c c c
pgiven by equation (2.18). When v « VR/(YY )> H nearly equals -jiH
(since this is mainly emission from the first harmonic and at large 9);
and when YY » 1 and v » VR/(YY ) H can be expressed as (Legg and
Westfold, 1968; Melrose, 1971b)
H =
c [/"•L
 v/v
- d? t""f 'J K1/3(*)dx * 2 ^  K^ (^
v/v^
Combining equations (2.32) and (2.3*0 &n(J tlife defiiiition's
('2.36)
(2.37)
we obtain our final expressions for the source emissivlties'"
E(v,k) = r r c'
z
 tfI \ 4 E
-oo » WE:
"if I V'
dB
dB .
(2,38)
(2.39)
Equations (2.38) and (2.39} give the" emission and; degree of circular
polarization in the k direction in teriils of ther functions N^ and N ,
~ E c
Integration of equation. (2v3^') by parts" yield's1 ttie iritegran'd'
2
c
/ • \* ' *^ / V I
+
 |~ dY )• r Ki-//x^dx * 2 ~ Ki'/3 (AT f '
^ v/ ^ -^1"
When ^ is replaced by (j)'(:|i')sinY/2, this expressidri can" be' written
2 21 2L
as- Qn. i S, (E.,w,Y)siny where g is given^ by equation 37.of
Mel-rose (I971b) .
which describe the net properties of those portions of the source in
which the magnetic field is parallel to k, and in terms of the func-
fs^
tions H and H , which describe the average contribution of each
c
particle to the total .emission. N represents the total flux of£
particles in the direction of the observer; while N is equal to the
particle flux in the regions in which B • k is positive minus the
r*^  f**s
particle flux in the regions in which B • k is negative.
rw rw
While it was possible to express the circularly polarized emissivity
simply as an integral of N H , a similar expression cannot be obtained
C C
for the linearly polarized emissivity, because, for the type of source
with which we are concerned here (9 > 6,,), the degree and direction
B R _
of linear polarization depends very sensitively on the magnetic field
structure; nevertheless, we can still set an upper limit to the degree
of linear polarization. First consider the emission from a source for
which N(>y,Y,B, 9,<j>) is isotropic. Since there is no preferred direc-
tion along which the polarization ellipse could be aligned, the degree
of linear polarization for this emission must be zero. For the more
general cases where the source distribution can be described by the sum
of an isotropic term, N , and a non-isotropic term, N-, the emission
which is related to N will not exhibit any linear polarization, while
the emission from the portion of the source which is represented by N
will, in general, be somewhat linearly polarized. .In the vicinity of
9=0 the total source distribution function can be expressed as
N(Y,Y,B,9,<|>) = No(\,Y,B) + N^Y^B, 9,<|>)
NQ = N(Y,Y,B, 9=0) \ (2.1*0)
N _ fl y flim MlNl - 9 X [9-0 o9j '
26
The source distribution function near 6 = rt/2 can be expanded in the
same way, but to simplify the present discussion the contributions from
these terms "will not be included here.
The total emissivity for the source, E, and the emissivity for
the anisotropic portion of the Source distribution, EI , are given by
equation (2.27)? and the angular derivative of N is related to Q-B
by equation (2.31) so that an upper limit to the degree of linear polari
zation can be written as
E i (v ,k) i(e/ejN71 sine d6 d<b dB dY
- ~ —
NT) sine de d<j) dB dY dy
Since the integrands in equation (2.4l) are small everywhere except
for 6 < 6.,, the upper limit for Pn becomesR -\s
P^ (v,k) ^  eR/9B« 1 . (2.42)
For sources in which the relativistic particles have small pitch
angles and the magnetic field is somewhat non-uniform, the radiation
will exhibit only a small degree of linear polarization; the actual
amount will depend on the details of the source structures and particle
distributions. For these reasons we cannot derive any useful .quantita-
tive expressions for the linear polarization and have not attempted to
compute the degrees of linear polarization for the simple source models
considered in the next section.
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IV. Synchrotron Sources; Examples
We will consider the emission from source distributions of the
form .
'G Y~SY exp[-Y2/Y2]6(B-Bo) Yj_ < Y < Y2
>)\c/ , , ,
(2.43)
0 otherwise
where v » 1. Y « 1 and s > 1. The dependence of N and N on
1 E C
k is not explicitly shown, but the parameters G,s,Y,B ,Yn ancj Y0 mayt~~t O .L c.
be slowly varying functions of k. The sources described by these dis-f*~*
tributions have (l) energy spectra which follow power laws within cer-
tain intervals and are zero elsewhere and (2) pitch angle distributions
which are peaked at small angles. We have assumed that the magnetic
field can be characterized by a single value of the field strength and
that p. = (-e B • k) is everywhere of the same sign.
f^ i *~*J
The source emissivity and the degree of circular polarization for
a given distribution function are obtained by using equations (2.23),
(2.38) and (2.39). We have computed these quantities for three sets of
parameters: (l) y^ « I, (2) Y1T » 1, and (3) Y^ « 1. and
Y Y*» 1. These examples illustrate sources which predominately emit
very-small-pitch-angle synchrotron radiation (equation 2.17)> small-
pitch-angle synchrotron radiation (equation 2.18), and a combination
of the two, respectively.
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EXAMPLE 1. y y « 1: Very-Small-Pitch-Angle Synchrotron Radiation
These distribution functions describe sources in which essentially
all of the particles have YY « 1. The appropriate single particle
emissivities are H as given by equation (2.1?) and H = p (v) is
c c
given by the last expression in equation (2.8). The source emissivity
and the degree of circular polarization are
E(v,k) =
s-1
2 v
s v
svi s+1
2 / v
v_\2i/J
s+1 V « v <
^^T ^HK<v<*2,
C. • \ £- i
< V < V,-
V.
P P ^^ s+ P
where A = (2it e v,,G Y )/c. r,
'B
is
 evaluated at B = B , = 2v, v_,
JL D
= 2Y0vD and s is not exactly equal to 2. The functions E andB
P are .shown in Figure 5 for Y,Y = 10
C .X
and Y0¥ = .1.
.£
29
1.0
~ 10'
c/) '
1
otr
o
LU
IO'2
i a3
io-4
I0'7
i.o
10"
i a2
io-3l-
i i i r
S=l.5
= 3.5
2.5
i
IO'6 IO'5 IO'4 IO'3
v
1.0
Fig. 5- The source emissivity and the degree of circular
polarization: Example 1; Y^f = 10~ ; Yp?'= .1.
•The solid and dotted P curves indicate opposite
c
sense of circular polarization.
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The spectra are mainly composed of two regions: a high frequency
region where
« v «
(2.>*6)
P -
C
and a low frequency region where
VYi « v« vi
E ec V V ( -57)
P w -U .
c
At the higher frequencies the spectra follow power laws, but the
power law indices differ from that which is obtained by conventional
synchrotron theory; in the present case the logarithmic slope of the
emissivity is 2-s instead of the usual result of (l-s)/2.
From Figure 5 i* can be seen that the sense of the circular polari-
zation reverses near the frequency at which the emission is a maximum.
This is a striking feature by which it may be possible to identify this
type of emission; however, there are other processes whereby similar
.effects can be produced. Several authors (Ramaty, 1969; Pacholczyk
and Swihart, 1970; Melrose, 1971b) have noted that synchrotron sources
which are self absorbed at low frequencies may also exhibit a reversal
in the sense of the circular polarization. If a reversal of this sort
were ever observed, it would be necessary to rely on other features of
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the emission, such as the shape of the spectrum and the variations of the
polarization with frequency, to distinguish between self absorption and
the optically thin emission considered here.
Recently Tademaru (1972) and Melrose (1971a) have studied the emis-
sion from particles with very small pitch angles (YY « l) . Tademaru's
work was concerned with the emission from distributions which are signi-
ficantly different from those considered in the present investigation.
Melrose computed the quantities rp and r which, in the present nota-
tion, are equivalent to
-,c /•»
I H dv
•'o
where po,p and H are given by equations (2.8), (2.9) and (2.10),
respectively. It is not clear how rn and r can be related to obser-
•1' c
vable quantities. Melrose claimed that |r |, which equals .5> repre-
sents an upper limit to the degree of circular polarization which can be
exhibited by a source; however, as one can see from Figure 5, this clearly
is not true.
EXAMPLE 2. Y-,^  » 1: Small -Pitch-Angle-Synchrotron Radiation
For sources described by these distribution functions most of the
particles have yY » 1 and Y « 1 so. that the single particle
emissivity, H, can be approximated by equation (2.18). At high fre-
quencies the function H is given by equation (2.36) and at very low
C
frequencies it is equal to -H. In those frequency intervals for which
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equations (2.38) and (2.39) can be easily evaluated the source emissi
vity and the degree of circular polarization are given by
E(v,.k)= A x
,1-s
1-s(~1%} VBY1
« v « vBY12?
2~ 2"
- « v « vBY2 >
-1
VB VB
«
 v «
vB (2.50)
"5 vt
v«
The functions c.(s) are defined and tabulated in the Appendix. The
quantities E and P are shown in Figure 6 for Y,Y = 1Q and YoY > 10
~2For frequencies much higher than Vo/Y-jY our results for the source
emissivity and the polarization are the same as those of conventional
synchrotron theory (Ginzburg and Syrovatskii, 1965; Legg and Westfold,
r-^ P
1968). At frequencies lower than vD/YnY , however, the emission de-B i.
creases linearly with frequency and becomes strongly circularly polarized.
O'Dell and Sartori (I971b) were the first to note that synchrotron
spectra should have unusual features in this frequency range; however,
their actual analysis was incorrect because, as we mentioned in Section
II, they used a poor approximation for the single particle emissivity.
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Fig. 6. Same as Figure 5: Example 2; Y-, Y = 10; Y V > 10 .
The dashed curve segments are rough interpolations
between the computed portions of the curves.
EXAMPLE 3. Yn^ « 1 and Yp?' » 1: Small-Pitch-Angle and Very-Small-
Pitch-Angle Synchrotron Radiation
These distributions are essentially superpositions of the distri-
butions of Examples 1 and 2. At low frequencies the emission is similar
to that of Example 1 and at high frequencies it is similar to that of
Example 2. For intermediate frequencies, v w vD/Y, the spectra areB
either concave or convex (on a log E versus log v display) for
distribution indices s greater or less than 3, respectively. The
emissivity and degree of circular polarization for this example are
~ -•? ~ 3
shown in Figure 7 where Y-.Y = 10 J and YpY > 10 .
I03 I04
-
Fig. 7. Same as Figure 6: Example 3,; YjY = 10 J;; Y_Y >
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V. Summary
The emission from a relativistic particle which spirals with a
small pitch angle (Y <^ Y ) differs qualitatively from the usual
synchrotron emission (Y » Y ): the particle spectrum peaks around
v w Yv,, (instead of at v « Y siny \> ) and falls off linearly with
B B
frequency as v -» 0 (rather than as v ) . For sources which mainly
contain particles with small pitch angles, the degree of circular polari-
zation will normally be high, whereas, if the magnetic field is some-
what irregular, the degree of linear polarization will be small. If
the particle distribution also has a low energy cutoff, the emissivity
will vary linearly with frequency at low frequencies. Applications of
these results to specific astrophysical problems are considered in
Chapter 3.
Chapter 3
MODELS OF SOME COSMIC SOURCES
I. Introduction
Recent measurements of polarization, angular structure and varia-
bility allow us to place some constraints on the possible synchrotron
models for the radiation from pulsars and extragalactic objects. Using
the conventional theory for synchrotron emission and the extension of
this theory for particles with small pitch angles (Chapter 2), we have
examined the plausibility of several models for the optical emission
from the pulsar NP 0532, and for the low frequency cutoffs in the radio
emission from PKS 213^  + 00^ and OQ 208 and in the infrared emission
from NGC 1068.
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II. Optical Radiation from NP 0532
Several authors (Shklovsky, 1970; Sturrock, 1971; O'Dell and
Sartori, 1970b; Zheleznyakov, 1971; and Lerche, 1970) have suggested
that the optical radiation from the Crab Nebula pulsar is due to elec-
tron synchrotron radiation. O'Dell and Sartori (I970a) noted that some
of these models were invalid because the authors failed to take into
account the range of energies and pitch angles for which the conventional
formulation of synchrotron theory is valid. We have extended their
arguments by including the time variations and the polarization of the
emission. The additional restrictions which we have derived rule out
models for the optical emission for NP 0532 which involve incoherent
electron synchrotron emission from regions within the velo.city-of-light
cylinder.
The temporal structure of the optical pulses is presumably due to
the "searchlight effect": the pulsar emits a narrow beam of radiation
which corotates with the star and sweeps past the direction of the
observer during each rotation. In this picture, the observed variations
in the intensity correspond to features In the angular structure of the
pulsar beam. The optical radiation from NP 0532 varies very rapidly
when the intensity is near its maximum value; changing from increasing
to decreasing intensity so abruptly that the peak appears cusp-like
when measured with a resolution of 32 (asec (Papaliolios, et al., 1970).
Since the period of the Crab nebula pulsar is 33 msec, the variations
imply that the pulsar beam has angular structure of less than 2« x
_o
(32 pisec)/(33 msec) « 6 x 10 radians.
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For a collection of relativistic electrons streaming along a magne-
tic field the smallest structure in the synchrotron radiation pattern is
greater than either the characteristic value of the pitch angle Y °r
the reciprocal of the characteristic normalized energy, y (see
2
equations 2.7 ancl 2.14). An electron of energy yrnc and pitch angle
Y mainly radiates hear the frequency v « v0 X max{3/2 Y sinY, 2Y)
B
(equations 2.10 and 2.16). These two relations and the observation
that the optical radiation pattern (frequency ~ 6 X 10 ) has structure
_o
smaller than 6 X 10 radians, yields two conditions which must be
satisfied for electron synchrotron radiation;
B < 6.4 x 105 gauss , (3.1)
Y Y F
The upper limit value of 6.4 x 10 gauss is near the lower limit
of the magnetic field strength in the corotating portion of the magneto-
sphere of the Crab Nebula pulsar. If the pulsar is a neutron star of
radius 10 cm which is threaded by a dipolar magnetic field, then a
12
strength of 10 gauss at the stellar surface implies a field strength
of 1.5 X lO'3 gauss at the velocity-of-light cylinder. Closer in, where
the magnetic field is more intense, equation (3.1) indicates that there
cannot be any optical electron synchrotron emission (cf. Sturrock, 1971).
Since the magnetosphere cannot corotate with the star beyond the velocity-
of -light-cylinder it is difficult to understand how the beaming of the
emission could be produced; however, it has been suggested that pulsed
synchrotron emission from this region might result from-interaction of
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the low frequency electromagnetic waves from the pulsar with a surrounding
plasma (Lerche, 1970). In this region, the magnetic field strength is
much weaker so that equations (3.1) and (3-2) are not important constraints.
For pulsar models in which optical synchrotron radiation emanates
from a region near the velocity-of-light cylinder (Shklovsky, 1970;
O'Dell and Sartori, 1970b), equation (3.2) indicates that the product
Y Y must be of the order of unity. Since the degree of circular polari-
zation for synchrotron radiation from a relativistic particle is of the
order of (Y sin Y) (Legg and Westfold, 1968; equation 2.8), this
emission should exhibit a high degree of circular polarization. While
the linear polarization of the optical radiation has been observed to
be strong, varying from 0$ to 26$ in the course of each pulse (Cocke,
et al., 1970), the circular polarization is less than about 1$ during
all phases of the pulse (Cocke, et al., 1971). There does not seem to
be any simple way to reconcile the lack of detectable circular polari-
zation with any of the current models which suggest that the optical
radiation is due to incoherent electron synchrotron emission from the
corotating portion of the pulsar magnetosphere.
The limit on the magnetic field in equation (3-1) will be less
restrictive (B ^  10 gauss) for'synchrotron emission by protons. Further-
more, the low observed circular polarization would be consistent with
emission by equal numbers of electrons and positrons near the velocity-
of -light cylinder. Models of these types need more detailed investiga-
tion.
III. Low Frequency Cutoffs in Synchrotron Spectra
A number of cosmic sources have emission spectra which peak at
radio or infrared frequencies. For frequencies above the peaks where
these spectra can often be approximated by power laws (flux density <x
v ) the emission is most readily interpreted as synchrotron radiation
from optically thin power law distributions of electrons (number per
~ o
energy interval « (energy) ; s = 20! + l) ; however, it is not clear
which of several possible explanations of the low frequency cutoffs is
most reasonable for any given source. It is often assumed that the low
frequency emission is suppressed by synchrotron self absorption; but
the high degree of circular polarization which is measured from some
objects is inconsistent with this interpretation (Berge and Seielstad,
1972) and the shape of some spectra is not that which would expected
from a simple synchrotron self absorption model. In this section we
examine the possibility that the peaked spectra are produced by emission
from electron distributions which have low energy cutoffs and small
average pitch angles and compare the predictions of this type of model
with those of models which involve synchrotron self absorption or
absorption by a thermal plasma. We shall consider three sources: the
quasar PKS 213^  + 00^ and the Seyfert galaxies OQ 208 and NGC 1068.
The observational data for these objects have.been compiled in Table 1
and Figures 8 and 9.
TABLE 1 - OBSERVATIONS
Source
z
6 (seconds of arc)
Pt(%)
pc M
tv (years)
— 1 — 1 —2F (erg sec Hz cm )
—1 —1 — 2F ( erg sec Hz cm )
X
PKS 213^  + OOU
1.93
.0007 ± .001
1.9 ± .8 a
A3 ± .08
> 15 k
a
~ 2.5 x io"27
—
OQ 208
.07? b
.0018 ± .0003 e
--
--
>11 k
10-25 b
--
NGC 1068
.oou c
< 3.0 f
.56 g
< .05 J
1.5 ^
see Fig. 9
<2xio-28"
The symbols used in column 1 are as follows: z is the redshift; 6
is the angular diameter; PJ> and PC are the degrees of linear and
circular polarization, respectively; tv = F/(dF/dt) is the characteris-
tic time scale for intensity variations; F . is the optical flux
(v fa 6 X lO^ Hz) ; and FX is the x-ray fluXP (vsa 7-5 X lO^THz) . For
the quantities 9 and ty we have listed the measurements which were
made nearest the frequency of the peaks in the spectra.
a. Shimmins et al. (1968).
b. Blake et al. (1970).
c. Burbidge et al. (1959).
d. Broderick et al. (1971). This measurement was made at 5 GHz. At
2.3 GHz the diameter is '.'0015 ± "0002 (Kellermann et al., 1070) .
e. Kellermann et al. (1970).
f. Neugebauer et al. (1971).
g. Kruszewski (1968). PJ> was measured at 3-l8 X 10 Hz.
h. Roberts et al. (1972)'. This was observed at 1.42 GHz; at 1.39 G^z
PC = +0.28 ± 0.035$ and at 5 GHz, PC = O.lj ± 0.009$.
j. Kemp et al. (1972). This limit was found for the optical emission,
k. Andrew et al. (1972) and Medd et al. (1972).
-t. Kleinmann. and Low (1970), Low and Rieke (1971) and Rieke and Low (1972)
m. Gursky et al. (1971).
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Fig. 8. Spectra for PKS 2134 + 00*4- and OQ 208. The absence of error
bars for some of the points indicates that the uncertainties
are comparable to the size of the dot. The solid curves are
for the small-pitch-angle models; the dashed curves are the
theoretical spectra for a single, homogeneous, self-absorbed
source; and the dotted curves are for the thermal-absorption
model. The references for the data are as follows: Blake,
1970 (.178 and 5 GHz); Cohen et al., 1971 (7-89 GHz); Jauncey
et al., 1970 (8l8 and 606 MHz); Kellermann and Pauliny-Toth,
1971 (5, 10, 15, 31, and 86 GHz); Kraus and Andrew, 1970
(1.42, 2.65, 3.2, 6.6 and 10.6 GHz); Shimmins et al., 1968
(.4?, .6k, 1.4l, 2.65, 6.5, 8.6, 10.5, and 16.2 GHz).
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Fig. 9. Spectrum for the nucleus of NGC 1068. The curves and data points
are interpreted as in Figure 1. The references for the data are:
Kellermann and Pauliny-Toth, 1971 (5, 10, 15, 31, and 86 GHz);
Rieke and Low, 1972 (6 X 1012Hz); Kleinmann and Low, 1970 (1.36,
3, 6, 8.82, 13-6 x l013Hz); Kruszewski, 1968 (3.l8, 3-36, .^68,
5.79, and 6.99 X 10 Hz).
A) Small-Pitch-Angle Models
It is well known that in a vacuum an isotropic distribution of
relativistic electrons cannot produce a synchrotron spectrum which is
1/3
steeper than v ; however, in Chapter 2 it was shown that for a
particle distribution for which the characteristic pitch angle is
sufficiently small (^ ^  Y ) and which has a low energy cutoff the
emissivity may vary almost linearly with frequency and show a high degree
of circular polarization. This result raises the possibility that a
linear low frequency falloff in spectra in conjunction with a high degree
of circular polarization might be a consequence of just this form of
electron distribution rather than any absorption process.
The notion that relativistic electrons may be streaming with small
pitch angles relative to the magnetic field has already been incorporated
in some models of quasars (Woltjer, 1966; Noerdlinger, 1969), although
pitch angles as small as Y were not considered. There are several
reasons why one might expect streaming of the relativistic particles in
compact extragalactic objects. Small pitch angles might result from a
plasma process which preferentially accelerates particles in the direc-
tion of the magnetic field (Speiser, 1965) . They might also be produced
while the particles traverse the nucleus of the galaxy. Observations of
variable radio sources give evidence for presence of expanding clouds
of relativistic particles. In previous studies (e.g. Kellermann and
Pauliny-Toth, 1968) it has been assumed that a randomly oriented magnetic
field permeates the cloud and expands with it. However, if such clouds
are injected into regions where the magnetic field has an open configura-
tion, then the particles would stream out along the field lines. Because
of synchrotron losses and the adlabatic invariants in the motion of the
particles as they migrate from regions of strong magnetic fields to
regions of weaker fields the mean pitch angle would decrease even
further.
A large flux of particles with small pitch angles could some about
in many of the models suggested for active galactic nuclei (Sturrock
and Barnes, 1972; Morrison, 1969; Lynden-Bell, 1969 or Piddington, 1970)
if clouds of relativistic particles are repeatedly ejected from a com-
pact central source; the particles then would stream out along the field
lines driving away the ambient interstellar gas and dragging the magne-
tic field into an open configuration, just as the solar wind determines
the structure of the interplanetary magnetic field. In the cavity \*tiich
is formed in this manner, the relativistic electrons would travel with
small pitch angles and emit synchrotron radiation.
Possible source parameters for the small-pitch-angle models of
PKS 213^  + 004 and OQ 208 are given in Table 2 and the corresponding
spectra are shown by the solid curves in Figure 8. The index s, the
characteristic pitch angle Y> and the energies Y_ and Y^ are
defined by equation (2.^ -3)- The magnetic field has been computed from
the requirement that the source must be optically thin to synchrotron
self-absorption. A simple thermodynamic argument (Scheuer and Williams,
1968) shows that when Y Y « 1 a source of flux density F and angu-
lar size 9 is optically thin to synchrotron self—absorption if
B <;0.2 gauss[v(l+z)/GHz]3(e/.OOl")2[F(v)]~1 (3-3)
where F is in flux units (l f.u. = 10 Wm Hz~ ).
TABLE 2 - SMALL-PITCH-ANCLE MODELS
Source
B (gauss)
s
Yl
 fc
2^
r*~t
Y
PKS 21 3k + OOl*
0.1
2.5
3.0 x 10
> 5 x 105
io-5
OQ 208
1.0
3-0
3.0 x io3
1^
> 3 x UT
10-*
In Chapter 2 it was shown that for the synchrotron radiation from
particles with small pitch angles the degree of circular polarization
is often very high while the amount of linear polarization is normally
small. For source distributions which are spearable in energy and
pitch angle and have low energy cutoffs (Equation 2.^ 3), the degree
of circular polarization approaches 100$ at lower frequencies (Figures
5 and 7) and the sense of the polarization (right handed or left handed)
reverses near the frequency at which the emissivity is a maximum (as
mentioned in Chapter 2 the reversal sign is not unique to this model).
No observation has yet revealed a very high degree of circular polariza-
tion for any extragalactic objects; however, in an actual galactic
nucleus the degree of circular polarization could be much smaller if the
magnetic field has sectors of opposite polarity similar to those of the
interplanetary magnetic field (Wilcox, 1968) or if particles of opposite
charge contribute to the emission. The degree of linear polarization is
even more sensitive to the structure of the magnetic field (Equation 2.^ 2)
and slight irregularities in the field can reduce the amount of linear
polarization considerably. Consequently for small-pitch-angle models of
PKS 2134 + 004 and OQ 208, the degree of linear polarization could be
small and the circular polarization should reverse its sense hear the
frequency of the peak v and become stronger at lower frequencies.
There are no published polarization measurements for frequencies greater
than v for these objects, but the observed degree of circular polari-
zation for the low frequency emission from PKS 213^  + 004 is unusually
high (see item (B) below) and does show some decrease with increasing
frequency. Additional measurements for both PKS 2-13^  + 00^ and OQ 208
especially over a wide frequency interval, are desirable.
Admittedly these models for PKS 21S^  + 00^ and OQ 20'8 are overly
complex (considering, the number of observed features oh- which they are
based) and unrealistically simple (since the radiation from electrons
. 2-
with either large pitch angles or energies below Y-ime is totally
neglected); nevertheless, these models do serve to illustrate some of
the possible features of synchrotron sources in which the electrons
stream with small pitch angles.. In some sources, conventional synchro-
tron radiation and self-absorption might also be significant so that
the characteristics mentioned above would be somewhat obscured; the
only evidence for particles with small pitch angles would then be an
anomalously high degree of circular polarization.
Cavaliere et al. (1970)- suggested that the large infrared radiation
from objects such as the quasar 3C 273 and some of the Seyfert galaxies
including NGC 1068 is synchrotron emission from electrons with small
pitch angles. These authors assumed that the low frequency infrared
emission could fall off rapidly due to the "cyclotron turnover" (O'Dell
and Sartori, 1970b), but as shown in Chapter 2 this is not the case. The
low frequency falloff in the emission from an optically thin synchrotron
source cannot be much steeper than F <x v. Even if the peak of the
infrared emission from NGC 1068 occurs at 22\i, this falloff is not
abrupt enough to be consistent with both the infrared and the millimeter
flux densities (see solid curve of Figure 9). The model of Cavaliere
et al . could be modified by assuming that some absorption process is
responsible for suppressing millimeter emission, but then the main moti-
vation for suggesting that the electrons have small pitch angles no
longer exists. Unless some new data becomes available (for instance,
measurements of strong infrared circular polarization), there does not
appear to be any need to pursue small-pitch-angle models of NGC 1068.
B) Self -Absorption Models
Low frequency cutoffs are commonly attributed to synchrotron self-
absorption. As we shall see below this interpretation encounters
difficulty for some sources which exhibit high degree of circular polari-
zation .
For a homogeneous spherical source which is synchrotron self-
absorbed the flux density in flux units is (Terrell,
F(V) - 0 -*-( "
(1 + .31a «. .039C-V-)172
where z is the redshift, B is the characteristic strength of the
magnetic field, 9 is the average angular diameter and a is the
spectral index at high frequencies where the source is transparent. The
self-absorbed spectra for PKS 2131)- + 00^ , OQ 208 and NGC 1068 are
illustrated by the dashed curves in Figures 8 and 9.
It is clear that the spectral shapes for the radio sources do not
agree with this simple model for self-absorption; however, if PKS 213^
+OOU and OQ 208 are non-uniform or comprise several components, it is
entirely possible that relatively slow falloffs could result from synchro-
tron self-absorption (see Hirasawa and Tabara, 1970, for example). Addi-
tional high angular resolution observations of these objects would be
useful to determine whether the low frequency emission is due to the
presence of more than one component.
If one assumes that the turnover in an emission spectrum is due to
synchrotron self-absorption, then equation (3-^) yields an expression
for the magnetic field strength in the source in terms of observable
quantities. Once B is known, other source parameters can be computed,
for example, the degree of circular polarization of the synchrotron
V[ B 1
—TTJ r- (Legg and Westfold, 1968; note that the
emitted frequency (l+z)v should be used in their equations), and the
inverse Compton x-ray flux density which results from the scattering of
the radio frequency photons by the relativistic electrons (Blumenthal
and Gould, 1970). In Table 3 we have listed possible sets of source
parameters for synchrotron self-absorption models of PKS 213^ - + 00^ ,
OQ 208 and NGC 1068. A Hubble parameter of 75 km/(sec Mpc) and a
relativistic cosmological model with zero cosmological constant and
with q = 1 have been used.
TABLE 3 - SELF-ABSORPTION MODELS
Source
2 29 (seconds of arc)
d (cm)
B (gauss)
PcK) *
VIC(HZ)' a
F (erg sec" Hz~ cm )
XCx
b
PKS 21 3U + 004
5X10~^
9.5X1018
2.8X10~3
.06
T.SxiO16
1 .2X10'26
4xio~6
2.6X1019
1.5X10"1
A3
i Axio1-'
3.ixio~29
OQ 208 .
3xio'6
T.ixio18
3.2X10'1
1.3
9.6xi013
2.2X10~31
NGC 1068
8xiO-10
7-OxiO15
2.8xl02
1.1
i.5xio17
8.3xiO~27
The quantities in column 1 are: 8, the angular diameter; d, the
linear diameter; B, the characteristic magnetic field strength; P (v ),
c m
the degree of circular polarization at the peak of the synchrotron
spectrum; VT_> the frequency at which the inverse Compton emission is1C
a maximum; and F the inverse Compton flux density at v
1C 1C
(a) The tabulated value of vTr, and F are upper and lower1C 1C
bounds, respectively, which were obtained by assuming that the distri-
_o 1/2
butions of relativistic electrons cutoff below Y = 10 v B.
m
(b) A maximum flux density of 7-5 f.u. was used since the inter-
ferometric work of Cohen et al. (I9?l) indicated that only about 56$
of the radio flux may come from a single compact component.
With the observed angular size for PKS 213^  + 00^ , the self-
absorption model predicts that the degree of circular polarization will
be considerably lower than the observed value and that the x-ray flux
due to the inverse Compton process would be very large (about six times
l R
greater than that of NGC 1275 at !0 Hz; Gursky et al,, 1971). The
discrepancy between the observed and predicted amounts of circular polari-
zation is strong evidence against the self-absorption model; however
this result is very dependent on the angular structure of the source.
If the source was elongated so that it has angular size of about O'!006
in some direction then the mean value of 9 would be h x 10 and
it would be possible to reconcile the self-absorption model with the
observed degree of circular polarization as shown by the second set of
numbers in Table 3 for this source. With this larger size the model
is consistent with the observed circular polarization and predicts an
inconsequential x-ray flux.
The self-absorption interpretation for .OQ 208 requir.es a large
magnetic field strength and predicts that th.e radiation should exhibit
a high degree of circular polarization (Table 3)• Measurements of
polarization and angular structure of the radio emission could be of
considerable interest and would permit the sej-f-absorption model to be
evaluated.
For the infrared source in NGC 1068, only upper limits are available
•for the angular size, the 50(0 flux., and the x-ray flux. To specify the
parameters for the synchrotron-self-absorption models we .have used cri-
teria similar to those of Bergeron and Salpeter (1971).: (l) We fit a
•power law to the infrared data and assumed that the peak occurs at
(as shown by the dashed curve in Figure 9), and we assumed that the
17 -*) '
x-ray flux at 7.5 x 10 Hz was equal to 10 f .u., one half of the
observed upper limit. The source parameters shown in Table 3 were then
computed for a spectral index of cc =2.5. There are no observations
in conflict with this model: the small size is consistent with the ob-
served variations and the polarization measurements have only been made
at higher frequencies and are not necessarily related to the infrared
emission. A possible test of the self-absorption model would be to
measure the infrared polarization to see if it exhibits the large
degree of linear polarization characteristic of synchrotron sources and
the small degree of circular polarization which is listed in Table 3.
C) Thermal-Absorption Models
The bright emission 'lines from quasars and Seyfert galaxies are
evidence for the presence of large amounts of thermal gas which could
account for the low frequency turnovers in the spectra of some sources
(Allen, 1968; Weymann, 1970) . For example, the model for the line
emitting region of 3C k-8 proposed by Bahcall and Kozlovsky (1969) would
be opaque to radio waves of frequency less than about 10 GHz. Similarly,
Weymann (1970) found that the strong, broad wings in the hydrogen Balmer
lines from the Seyfert galaxy NGC lj-151 may indicate the presence of very
dense gas which would absorb most of the far infrared radiation impinging
on it.
To study the effects of thermal absorption in synchrotron sources we
have used the following simple model: A synchrotron source of radius r..
is imbedded in a cloud of thermal gas of radius r (r "2. r ) . The
intensive properties of the gas (the electron temperature, T ; the
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mean electron density, n ; and the filling factor, e) and of the synchro-
tron source (the particle distribution and the magnetic field strength,
B) are assumed to be uniform throughout the respective spheres. For this
model the observed flux density is approximately given by
-TO r -T.-.
F(v) = f(v) ^- [l - e XJ.., (3.5)
where we have ignored the effects of the non-planar geometry and the
emission from the thermal gas. In equation (3-5) (^v) is the spectrum
—a
which would be observed if there were no absorption: we assume f « v
62 2for frequencies greater than v-, = 1.2 X 10 YI B, where Y-imc is the
energy below which the distribution of the relativistic electrons cuts
off. The optical depth T. takes into account the absorption by the
material within radius r and includes both the effects of the thermal
absorption and the synchrotron self-absorption. The term e represents
the effect of absorption by the shell of thermal gas (thickness rp~ri)
which surrounds the synchrotron source. When the electron scattering
optical depth, T > is small compared to the free-free optical depth,
eS
.^T
 } the thermal absorption optical depth is given by T . When Ti i l i e s
exceeds T,.f the diffusion approximation for the optical depth can be
used; rdiff *J3 TesTff N (Tucker, 196?).
For the radio sources PKS 213^  + 004 and OQ 208 the logarithmic
slope of spectrum changes by about 2 near the peak of the spectra, v >
and the low frequency falloff continues as a power law down to at least
*In c.g.s units
 T a = 6.65 x 10 25/n dr and T-,. = C,v~ Jn T~3 dr;©s e 11 e
£ M .16 for the parameters of the radio sources and £ » .10 for
those of NGC 1068; (Karzas and Latter, 1961) .
0.1 v . In terms of the thermal-absorption model this implies that
m
v, ^ 0.1 v and T « 1, and that at v = 0.1 v the self-absorption1 m es m
optical depth is much less than T and T « 1. Source parameters
for PKS 213^  + 004 and OQ 208 which satisfy these conditions are listed
in Table 4 and the corresponding spectra are shown by the dotted curves
in Figure 8. Following Bahcall and Kozlovsky (1969), we have used
k o -?
T = 1.7 x 10 K and e = 10 . The radius r is determined from
the observed angular diameter, and we have set r = r so that T =0.
The thermal-absorption model of PKS 213^  + 004 encounters difficulties
which are similar to, but much more severe than, those of the self-
absorption model. The condition that the synchrotron self-absorption is
insignificant requires a weak magnetic field so that the degree of
circular polarization is much less than the observed value and the in-
verse Compton x- and y-radiation is totally unreasonable (over 10 erg/sec
24
~ 10 L ). The thermal absorption interpretation for the spectrum of
OQ 208 fares somewhat better. The source parameters are plausible, and
the shape of the theoretical spectrum agrees well with the observation.
An attractive feature of this model is that its predictions permit it
to be tested. The radio emission should have a small, perhaps marginally
detectable, degree of circular polarization whereas the degree of linear
polarization, Pn, should be largely eradicated by the Faraday depolari-
zation. [For a uniform source Pn < (Faraday rotation in radians) =
Q Q —1(RM x c /v ) » 0.1$. But Pn could be somewhat larger for a non-
m ' -O
uniform source.] Furthermore, the weak x-radiation from the inverse
Compton process might also be detectable.
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TABLE U - THERMAL-ABSORPTION MODELS
Source
r! (cm)
r2 (cm)
nec (era'3)
Te (°K)
e
B (gauss)
Y,
pc(vm) M
tp
RM (radians/cm )
VIC (Hz)
— 1 —1 —2F _,(erg sec Hz cm )
J.L/
PKS 213^  + 004
\.7 x io18
k.7 x 1018
1.6 x io5
1.7 x 10^
io-3
2.0 X 10"^
5.3 x io4
.00^ 9
_k
. 4 A X 10
9.2 x io19
_pp
6.9 x 10 "
OQ 208
3-5 x io18
3-5 x io18
3-7 x io5
1.7 x 10^
io-3
7.5 x icf1*"
1.2 X 103
.0^ 5
25
1.1 X IO16
1.6 x io~2T
NGC 1068
8.0 x io15
8.8 x IO15
3.6 x io9
8.0 x w1^
io-1
• 1.3 x io2
1.0 X IO2
.78
3.8 x io8
1.0 X lO1^
I.^XIO'26
The quantities in the first column are as follows: e is the
filling factor, that is the fraction of source volume occupied by the
thermal gas; n is the electron density in clouds or filaments (note
RfIJ
m
n dr fe n meR, for m > 0) ; RM is the Faraday rotation measure
,-17(RM = 2.62 x 10 I n B cosG dr; we assume that cose
 w 1/2); and the
other parameters are defined in Table 3 and the text.
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As was mentioned above the presence of dense gas in the nuclei of
Seyfert galaxies was inferred from the existence of the wide wings on
the hydrogen Balmer lines; however, it may be that these regions of
dense gas occur in the nuclei of all the Seyfert galaxies, even in those
galaxies, such as NGC 1068, which do not emit Balmer lines with broad
wings. Weymann.(1970) suggested that the powerful infrared source of
NGC 1068 might be located within one of these dense clouds so that, the
far infrared cutoff would be due to thermal absorption by this gas. We
have examined this suggestion in terms of the thermal-absorption model
to see whether a consistent source description could be obtained.
The features which must be incorporated in a satisfactory thermal-
absorption model for NGC 1068 are as follows: (1) The onset of appre-
12
ciable thermal absorption occurs below v (= 6 X 10 Hz) yet (2) the
cutoff is steep enough to be consistent with the millimeter observations.
(3) The thermal gas re-emits all the energy it absorbs; while (4) the
free-free emission from the gas is less than the observed x-radiation;
and (5) the Hf3 luminosity of the gas does not exceed the observed value
-12 ~1 -2for the entire nucleus (F = 1.26 x 10 erg sec cm ; Osterbrock
HP
and Parker, 1965). (6) The synchrotron self-absorption is small compared
to thermal absorption, and (7) the inverse Compton emission is consistent
•^
with the x-ray observations. The first and third conditions yield n
and r as functions of T , Y,, and e. Conditions (3), (k) and (5)
^ © -L
set the bounds 6 x 10 °K < T < 5 x 10 °K on the temperature of the
gas (the cooling rate of the gas was taken from Cox and Tucker, 1969;
and the H(3 luminosity was calculated from Table IV of Pengelly, 196^ ) .
If we impose the additional constraint that the gas be stable against
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c O
thermal instabilities (Field, 1965) then T must be less than ~ 10 K.
Condition (2) requires that r be somewhat smaller than r (so that
the low frequency cutoffs in equation (3-5) are exponential for v ^
3 X 10 ); whereas conditions (6) and (7) give an upper and lower limit,
respectively, on the magnetic field strength in terms of r . These
conditions do not yield a unique description of the thermalr-absorption
model of NGC 1068, but they constrain the range of acceptable source
parameters. One set of parameters is given in Table k and the corres-
ponding spectrum is shown by the dotted curve in Figure 7.
A striking feature of this model is that the size and field strength
of the synchrotron source are very similar to those of the self-absorption
model, if models are judged on how few assumptions are needed to explain
a given number of observations, then the thermal-absorption model for
NGC 1068 comes out badly; it requires essentially the same type of
synchrotron source as the self-absorption model (one with a very small
size and intense magnetic field), and in addition it requires a compact
cloud of very high density gas. A more important test of any model is
its predictive value. Both the self-absbrption model and the thermal-
absorption model predict a small amount of circular polarization in the
infrared; however, in the thermal-absorption model Faraday depolarization
will eliminate the possibility of more than a few per cent linear polari-
zation below 3 x 10 ~TIz.
IV. Discussion
Using the results of Chapter 2 for synchrotron emission from particles
with small pitch angles we have placed some constraints on possible models
for the radiation from optical pulsars and certain compact extragalactic
objects .
The nearly cusp-like variations of the optical intensity from the
Crab Nebula pulsar, NP 0532, and the lack of any observable circular
polarization precludes the possibility that this radiation is due to
incoherent electron synchrotron emission from the corotating portion of
the pulsar magnetosphere. The results which we have derived for electron
synchrotron emission can be modified for models in which the synchrotron
emission is produced by protons or a mixture of positrons and electrons.
The restrictions would not be as severe for these cases and would only
represent bounds on the acceptable range of parameters.
We have considered three extragalactic compact sources which have
low frequency cutoffs in their spectra. Two of the sources, the quasar
PKS 213^  + 00^ and the Seyfert galaxy OQ 208, have low frequency flux
densities nearly proportional to frequency, as would be expected from
electron distributions with small pitch angles (Figures 5 and 7) • The
third source, NGC 1068, is strong infrared emitter which cuts off steeply
at far-infrared. We have investigated whether the low frequency spectra
of these sources could be due to emission by particles with small pitch
angles, or absorption by thermal plasma or synchrotron self-absorption.
The available data on the spectrum, size and polarization of
PKS 213^  + 00^ supports the small-pitch-angle model, but cannot be
reconciled with the self-absorption or the thermal-absorption models
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unless the source is greatly elongated. Additional measurements of
angular structures and searches for x-ray flux would allow a more
definite comparison of these models. The observed radio spectrum of
OQ 208 can be reproduced by either the small-pitch-angle model and the
thermal-absorption model, while the self-absorption model would require
that this source has a complex angular structure. Measurements of the
radio polarization of OQ 208 would be useful for further judging these
models, and searches for a soft x-ray flux might also yield positive
results. Some circular polarization should be detectable if either the
small-pitch-angle or self-absorption interpretation is correct, whereas
observations of a large degree of linear polarization would argue against
the small-pitch-angle and thermal-absorption models. If the thermal-
absorption model is valid, there would also be an appreciable flux of
soft x-rays from OQ 208.
The steep cutoff in the far-infrared emission of NGC 1068 does not
agree with the small-pitch-angle model, but it can be explained by
either the self-absorption or the thermal-absorption model; the self-
absorption model requires somewhat simpler assumptions. Measurements of
the infrared polarization would be required to evaluate these models.
For the self-absorption model there might be the high degree of linear
polarization which is characteristic of the synchrotron process, but
for the thermal-absorption model the linear polarization would be weak
and very frequency dependent due to the large amount of Faraday depolari-
zation.
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APPENDIX
Coefficients for Equations 2.49 and 2.50
c, =
C
 -2  ,1/3,
12 12
8*
Ci. =
_
4=31/3(3s+4)
,/3s+8
\ 12
3_s+4\ /s \irFfc)
2 3 ? 3s-l s+1
TABLE 5
s
1.0
1.5
2.0
2
-5.
3.0
3.5
4.0
^.5
5.0
ci
—
1.00
.50
• 33
.25
.20
.16
.14
.13
C2
.69
.40
.28
.21
.17
.15
.13
.11
.10
C3
.64
.39
• 32
.31
• 33
• 39
.48
.63
.88
C4
.20
.29
• 35
• 39
.43
.^5
.48
.50
• 51
C5
.18
.30
.40
.48
.56
.63
.69
.74
.80
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